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In this Letter, we investigate the possible theoretical constraint on the parameter n of the agegraphic
quintessence model by considering the requirement of the weak gravity conjecture that the variation of
the quintessence scalar ﬁeld φ should be less than the Planck mass Mp. We obtain the theoretical upper
bound n  2.5 that is inconsistent with the current observational constraint result 2.637 < n < 2.983
(95.4% CL). The possible implications of the tension between observational and theoretical constraint
results are discussed.
© 2010 Elsevier B.V. Open access under CC BY license. 1. Introduction
In 1998, two independent supernovae (SN) observation groups
found that our universe is undergoing an accelerated expansion
at the present stage, through the observations of distant type Ia
supernovae [1]. This implies that there exists a mysterious com-
ponent, dark energy, which has large enough negative pressure,
responsible for the cosmic acceleration. Many other astronomical
observations, such as surveys of the large scale structure (LSS) [2]
and measurements of the cosmic microwave background (CMB)
anisotropy [3], also ﬁrmly indicate that dark energy is the domi-
nant component in the present-day universe. It is commonly be-
lieved that exploring the nature of dark energy is one of the fo-
cuses in the realm of both cosmology and theoretical physics today.
The most obvious candidate for dark energy is the famous Ein-
stein’s cosmological constant λ which has the equation of state
w = −1. However, as is well known, the cosmological constant
is plagued with the “ﬁne-tuning” and “cosmic coincidence” prob-
lems [4]. Another promising candidate for dark energy is the dy-
namical scalar ﬁeld, a slowly varying, spatially homogeneous com-
ponent. An example of scalar-ﬁeld dark energy is the so-called
quintessence [5], a scalar ﬁeld φ slowly evolving down its poten-
tial V (φ). Provided that the evolution of the ﬁeld is slow enough,
the kinetic energy density is less than the potential energy den-
sity, giving rise to the negative pressure responsible to the cos-
mic acceleration. So far, in order to alleviate the cosmological-
constant problems and explain the accelerated expansion, a wide
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Open access under CC BY license. variety of scalar-ﬁeld dark energy models have been proposed. Be-
sides quintessence, these also include phantom, k-essence, tachyon,
ghost condensate and quintom amongst many. However, we should
note that the mainstream viewpoint regards the scalar-ﬁeld dark
energy models as a low-energy effective description of the under-
lying theory of dark energy.
It is generally believed by theorists that we cannot entirely un-
derstand the nature of dark energy before a complete theory of
quantum gravity is established. However, although we are lacking
a quantum gravity theory today, we still can make some efforts
to explore the nature of dark energy according to some princi-
ples of quantum gravity. The holographic dark energy model [6]
is just an appropriate example, which is constructed in light of
the holographic principle of quantum gravity theory. That is to say,
the holographic dark energy model possesses some signiﬁcant fea-
tures of an underlying theory of dark energy. More recently, a new
model consistent with the holographic principle, the agegraphic
dark energy model, has been proposed in [7], which takes into
account the uncertainty relation of quantum mechanics together
with the gravitational effect in general relativity.
While, by far, a complete theory of dark energy has not been
established presently, we can, however, speculate on the under-
lying theory of dark energy by taking some principles of quantum
gravity into account. The agegraphic dark energy model is no doubt
a tentative in this way. Now, we are interested in that if we as-
sume the holographic/agegraphic vacuum energy scenario as the
underlying theory of dark energy, how the low-energy effective
scalar-ﬁeld model can be used to describe it. In this direction,
some work has been done, see, e.g., [8–11]. The agegraphic ver-
sions of scalar-ﬁeld models, such as quintessence and tachyon,
have been constructed [10,11]. In this Letter, we focus on the
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namely, the “agegraphic quintessence” [10].
In recent years, cosmological-constant/dark-energy problem has
been studied by string theorists within the string framework. It
is generally considered that string theory is the most promising
consistent theory of quantum gravity. Based on the KKLT mech-
anism [12], a vast number of metastable de Sitter vacua have
been constructed through the ﬂux compactiﬁcation on a Calabi–
Yau manifold. These string vacua can be described by the low-
energy effective theories. Furthermore, it is realized that the vast
series of semiclassically consistent ﬁeld theories are actually incon-
sistent. These inconsistent effective ﬁeld theories are believed to
locate in the so-called “swampland” [13]. The self-consistent land-
scape is surrounded by the swampland. Vafa has proposed some
criterion to the consistent effective ﬁeld theories [13]. Moreover,
it was conjectured by Arkani-Hamed et al. [14] that the gravity
is the weakest force, which helps rule out those effective ﬁeld
theories in the swampland. Arkani-Hamed et al. pointed out [14]
that when considering the quantum gravity, the gravity and other
gauge forces should not be treated separately. For example, in four
dimensions a new intrinsic UV cutoff for the U(1) gauge theory
with single scalar ﬁeld, Λ = gMp, is suggested, where g is the
gauge coupling [14]. In [15], the weak gravity conjecture together
with the requirement that the IR cutoff should be smaller than the
UV cutoff leads to an upper bound for the cosmological constant.
In addition, for the inﬂationary cosmology, the application of the
weak gravity conjecture shows that the chaotic inﬂation model is
in the swampland [16]. This conjecture even implies that the eter-
nal inﬂation may not be achieved [17]. Furthermore, Huang con-
jectured [18] that the variation of the inﬂaton should be smaller
than the Planck scale Mp, and this can make stringent constraint
on the spectral index.
More recently, the weak gravity conjecture has been applied to
the dark-energy problem. It is suggested that the variation of the
quintessence ﬁeld value φ should be less than Mp. This criterion
may give important theoretical constraints on the equation-of-state
parameter of quintessence models, and some of these constraints
are even stringent than those of the present experiments [19]. The
criterion |φ(z)|/Mp  1 has also been used to put theoretical
constraints on other canonical scalar-ﬁeld dark energy models; see,
e.g., [20–22]. In this Letter we shall investigate the possible theo-
retical limits on the parameter n of the agegraphic quintessence
from the weak gravity conjecture.
In the next section, we will brieﬂy review the new agegraphic
dark energy model proposed in [23]. In Section 3, we will give the
possible theoretical limits on the parameter n of the agegraphic
quintessence model from the weak gravity conjecture. Conclusion
will be given in Section 4.
2. Agegraphic dark energy model
Holographic dark energy models arise from the holographic
principle [24] of quantum gravity. The holographic principle de-
termines the range of validity for a local effective quantum ﬁeld
theory to be an accurate description of the world involving dark
energy, by imposing a relationship between the ultraviolet (UV)
and infrared (IR) cutoffs [25]. As a consequence, the vacuum en-
ergy becomes dynamical, and its density ρde is inversely propor-
tional to the square of the IR cutoff length scale L that is believed
to be some horizon size of the universe, namely, ρde ∝ L−2.
The original holographic dark energy model [6] chooses the fu-
ture event horizon size as its IR cutoff scale, so the energy density
of holographic dark energy reads ρde = 3c2M2pR−2eh , where c is a
constant, and Reh is the size of the future event horizon of the
universe. This model is successful in explaining the cosmic accel-eration and in ﬁtting the observational data. There are also other
two versions of holographic dark energy, namely, the agegraphic
dark energy model [7,10,11,23,26] and the holographic Ricci dark
energy model [9,27]. In this Letter, we focus on the agegraphic
dark energy model.
The agegraphic dark energy model discussed in this Letter is
actually the new version of the agegraphic dark energy model [23]
(sometimes called the new agegraphic dark energy model in the
literature) which suggests to choose the conformal age of the uni-
verse
η =
t∫
0
dt′
a
=
a∫
0
da′
Ha′2
(2.1)
as the IR cutoff, so the energy density of agegraphic dark energy is
ρde = 3n2M2pη−2, (2.2)
where n is a constant which plays the same role as c in the original
holographic dark energy model.
The corresponding fractional energy density is given by
Ωde = n
2
H2η2
. (2.3)
Taking derivative for Eq. (2.3) with respect to x = lna, and consid-
ering Eq. (2.1), we obtain
Ω ′de = 2Ωde
(
	 −
√
Ωde
na
)
, (2.4)
where 	 ≡ −H˙/H2. The Friedmann equation reads
3M2pH
2 = ρm + ρde, (2.5)
or equivalently,
E(z) ≡ H(z)
H0
=
(
Ωm0(1+ z)3
1− Ωde
)1/2
. (2.6)
From Eqs. (2.5), (2.2), (2.3) and ρ˙m + 3Hρm = 0, we have
	 = 3
2
(1− Ωde) +
Ω
3/2
de
na
. (2.7)
Hence, we get the equation of motion for Ωde, i.e.,
Ω ′de = Ωde(1− Ωde)
(
3− 2
n
√
Ωde
a
)
, (2.8)
and this equation can be rewritten as
dΩde
dz
= −Ωde(1− Ωde)
(
3(1+ z)−1 − 2
n
√
Ωde
)
. (2.9)
From Eqs. (2.2), (2.3) and ρ˙de +3H(1+ wde)ρde = 0, we obtain the
equation of state (EoS) of the agegraphic dark energy
wde = −1+ 23n
√
Ωde
a
. (2.10)
Now, we pause for a while to make some additional comments
on the old version of the agegraphic dark energy model [7]. In the
old model, the IR cutoff of the theory is taken as the age of the
universe, t = ∫ a0 daHa . However, for this choice, there are some inter-
nal inconsistencies in the model; see [23] for detailed discussions.
In the matter-dominated epoch with Ωde  1, one has a ∝ t2/3,
thus t2 ∝ a3. So, in this epoch, ρde ∝ t−2 ∝ a−3. Since ρm ∝ a−3,
one has Ωde  const., which is conﬂict with Ωde ∝ a3 obtained
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ergy [23]. What’s more, from ρde ∝ t−2, the agegraphic dark energy
tracks the dominated components (either pressureless matter or
radiation). Therefore, the agegraphic dark energy never dominates.
This is of course unacceptable. Accordingly, the new version of the
agegraphic dark energy model was proposed [23] by replacing the
age t with the conformal age η, for eliminating the inconsistencies
in the old version. This is the reason why we only consider the
new agegraphic dark energy model in this Letter.
3. Agegraphic quintessence and its possible theoretical limits
from weak gravity conjecture
For a single-scalar-ﬁeld quintessence model, the potential en-
ergy density V (φ) is a function of the scalar ﬁeld φ. If the ﬁeld is
spatially homogeneous, namely, the spacial curvature of ﬁeld can
be neglected, the ﬁeld equation can be expressed as
φ¨ + 3Hφ˙ + dV
dφ
= 0, (3.1)
where the dot denotes the derivative with respect to the cosmic
time. The energy density and the pressure are
ρφ = 1
2
φ˙2 + V (φ),
pφ = 1
2
φ˙2 − V (φ), (3.2)
so the EoS parameter is
wφ = pφ
ρφ
=
1
2 φ˙
2 − V (φ)
1
2 φ˙
2 + V (φ) , (3.3)
which generally varies with time. The range for the EoS parameter
of the quintessence is wφ ∈ [−1,1]. If the scalar ﬁeld varies slowly
in time, namely, φ˙2  V , the ﬁeld energy approximates the effect
of Einstein’s cosmological constant with pφ  −ρφ .
Using Eq. (3.3), we ﬁnd a relationship between the potential of
quintessence and its kinetic energy
V (φ) = φ˙
2
2
1− wφ
1+ wφ . (3.4)
The energy density takes the form
ρφ = 1
2
φ˙2 + V (φ) = φ˙
2
1+ wφ . (3.5)
We assume, without loss of generality, dV /dφ > 0, so that φ˙ < 0.
Thus, Eq. (3.5) reads
φ˙ = −√(1+ wφ)ρφ. (3.6)
In the agegraphic quintessence model [10], the quintessence scalar
ﬁeld is viewed as an effective description of the agegraphic dark
energy, so the scalar-ﬁeld energy density ρφ and EoS wφ are iden-
tiﬁed with those of the agegraphic dark energy, ρde and wde, re-
spectively.
Integrating Eq. (3.6), we obtain
|φ(z)|
Mp
=
φ(z)∫
φ(0)
dφ/Mp
=
z∫ √
3
[
1+ wde
(
z′
)]
Ωde
(
z′
) dz′
1+ z′ , (3.7)0Fig. 1. The scalar ﬁeld evolution for the single-ﬁeld agegraphic quintessence model.
The theoretical requirement |φ(z)|/Mp  1 places a constraint on this model, n
2.5, which is inconsistent with the current observational constraint 2.637 < n <
2.983.
where Ωde and wde are given by Eqs. (2.9) and (2.10) for the age-
graphic quintessence model. If we ﬁx the ﬁeld amplitude at the
present epoch (z = 0) to be zero, φ(0) = 0, then Eq. (3.7) can be
rewritten as
φ(z)
Mp
=
z∫
0
√
3
[
1+ wde
(
z′
)]
Ωde
(
z′
) dz′
1+ z′ . (3.8)
As suggested in [28], quintessence models can be divided into
two classes, “thawing” models and “freezing” models. Thawing
models depict those scalar ﬁelds that evolve from w = −1 but
grow less negative with time as dw/d lna > 0; freezing mod-
els, whereas, describe those ﬁelds that evolve from w > −1 and
dw/d lna < 0 to w → −1 and dw/d lna → 0. The agegraphic dark
energy mimics a cosmological constant at the late time, so it be-
longs to the freezing quintessence models [10]. A particular feature
of this model is that it is actually a single-parameter model: the
differential equation of Ωde, namely, Eq. (2.9), is governed by a
single parameter n, provided that the initial condition is taken to
be Ωde(zini) = n2(1 + zini)−2/4 at any zini which is deep enough
into the matter-dominated epoch. Following [23], here we take
zini = 2000.
It should be mentioned that the agegraphic dark energy model
has been constrained strictly by using the latest observational data
including the Constitution sample of SN, the shift parameter of the
CMB given by the ﬁve-year Wilkinson Microwave Anisotropy Probe
(WMAP) observations, and the baryon acoustic oscillation (BAO)
measurement from the Sloan Digital Sky Survey (SDSS) [29]. The
analysis of these observational data gives the ﬁtting results [29]:
for 68.3% conﬁdence level, n = 2.807+0.087−0.086; for 95.4% conﬁdence
level, n = 2.807+0.176−0.170.
Consider the theoretical constraint on the single-ﬁeld age-
graphic quintessence model in which the variation of the canonical
scalar ﬁeld |φ(z)| is required not to exceed the Planck scale Mp.
Fig. 1 shows the constraint result: n  2.5, which is a surprising
result because this limit is so stringent and somewhat inconsistent
with the result obtained from the current observational data. Ac-
cording to the current observations, at 95.4% conﬁdence level, we
have 2.637< n < 2.983 [29] that refuses to accommodate the the-
oretical limit n 2.5.
One may naturally ask whether the multi-ﬁeld agegraphic
quintessence model could loosen the theoretical limit and elim-
142 X.-L. Liu et al. / Physics Letters B 689 (2010) 139–144Fig. 2. Multi-ﬁeld agegraphic quintessence model corresponding to n = 2.8. In the left panel, we plot the evolution of the scalar ﬁeld ϕ(z); in the right panel, we show the
corresponding potential V (ϕ). Note that in the right panel the potential V (ϕ) is in unit of ρc0 and the ﬁeld ϕ is in unit of Mp. It is clear to see from this ﬁgure that bigger N
indeed gives rise to smaller |ϕ|.inate the above tension between theoretical and observational
limits. In the following, we shall give a clear answer to this ques-
tion.
Let us consider a quintessence scalar-ﬁeld model containing N
scalar ﬁelds φi with independent potential Vi(φi) for i = 1, . . . ,N .
Thus, for each scalar ﬁeld φi , we have
φ¨i + 3Hφ˙i + dV i(φi)
dφi
= 0, (3.9)
where the dot denotes the derivative with respect to the cosmic
time. The total energy density and the pressure of the ﬁelds are
ρφ = 1
2
N∑
i=1
φ˙2i +
N∑
i=1
Vi(φi),
pφ = 1
2
N∑
i=1
φ˙2i −
N∑
i=1
Vi(φi). (3.10)
For simplicity, we assume that φ1 = φ2 = · · · = φi = · · · = φN ≡ ϕ
and V1(φ1) = V2(φ2) = · · · = Vi(φi) = · · · = VN(φN ) ≡ V (ϕ). Then,
the total energy density and the pressure of the scalar ﬁelds can
be rewritten as
ρφ = N
(
1
2
ϕ˙2 + V (ϕ)
)
,
pφ = N
(
1
2
ϕ˙2 − V (ϕ)
)
, (3.11)
and the EoS parameter can be expressed as
wφ = pφ
ρφ
=
1
2 ϕ˙
2 − V (ϕ)
1
2 ϕ˙
2 + V (ϕ) . (3.12)
Using Eqs. (3.11) and (3.12), we obtain
ϕ˙ = −
√
1
N
(1+ wφ)ρφ. (3.13)
Note that in this expression we have assumed dV /dϕ > 0, in accor-
dance with the previous discussion. Next, we identify the scalar-
ﬁeld energy density ρφ and EoS wφ with those of the agegraphic
dark energy, ρde and wde, respectively. Integrating Eq. (3.13), we
obtain|ϕ(z)|
Mp
=
ϕ(z)∫
ϕ(0)
dϕ/Mp
=
z∫
0
√
3[1+ wde(z′)]Ωde(z′)
N
dz′
1+ z′ . (3.14)
It is easy to see that in this case the amplitude of |ϕ(z)| is
suppressed by a factor N−1/2, so it seems that the tension be-
tween the theoretical and observational limits in the single-ﬁeld
case could be avoided in such a multi-ﬁeld model.
Fixing the ﬁeld amplitude at the present epoch to be zero,
ϕ(0) = 0, from Eq. (3.14) we get
ϕ(z)
Mp
=
z∫
0
√
3[1+ wde(z′)]Ωde(z′)
N
dz′
1+ z′ . (3.15)
Furthermore, using Eqs. (3.11) and (3.12), we obtain
V (ϕ) = 1
2N
(1− wφ)ρφ
= ρc0
2N
(1− wφ)Ωφ E2, (3.16)
or equivalently,
V (ϕ)
ρc0
= 1
2N
(1− wde)ΩdeE2, (3.17)
where ρc0 = 3M2pH20 is today’s critical density of the universe.
By far, we have constructed a multi-ﬁeld quintessence model
mimicking the agegraphic dark energy. Fig. 2 is an example
of multi-ﬁeld agegraphic quintessence model corresponding to
n = 2.8. In the left panel, we plot the evolution of the scalar
ﬁeld ϕ(z); the corresponding potential V (ϕ) can be found in the
right panel. From this ﬁgure, it is clear to see that bigger N in-
deed gives rise to smaller |ϕ|. So, if we use |ϕ(z)|/Mp  1
to constrain the multi-ﬁeld agegraphic quintessence model, the
tension between the theoretical and observational limits in the
single-ﬁeld case would be removed. However, does the criterion
|ϕ(z)|/Mp  1 still hold in a multi-ﬁeld model? Unfortunately,
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for multi-ﬁeld theory indicates that the same theoretical limit n 2.5, independent of N , will be given.the answer is NO. It has been demonstrated by Huang [30] that for
an effective canonical scalar ﬁeld theory with N species the weak
gravity conjecture requires that the maximal variation of the scalar
ﬁeld satisﬁes the bound |ϕ|/Mp  1/
√
N , i.e., the upper bound
of the ﬁeld variation in the multi-ﬁeld case is also suppressed by
a factor N−1/2.1 Therefore, obviously, the weak gravity conjecture
for the multi-ﬁeld agegraphic quintessence model must give the
same theoretical limit result as the single-ﬁeld model. For clarity,
we illustrate two concrete examples, N = 2 and 3, in Fig. 3. In this
ﬁgure, we explicitly show that the same theoretical limit n  2.5
is obtained for the multi-ﬁeld agegraphic quintessence model from
weak gravity conjecture.
Therefore, the agegraphic quintessence model is facing an awk-
ward situation that the theoretical limit derived from weak gravity
conjecture, n  2.5, is not in accordance with the observational
constraint result, 2.637< n < 2.983 (95.4% CL). In fact, if the weak
gravity conjecture is taken seriously, some low-energy effective
ﬁeld theories have been demonstrated to be in the swampland.
For example, not only the chaotic inﬂation model is in the swamp-
land [16], but also the assisted chaotic inﬂation might not be in the
landscape [30]. The N-ﬂation, a possible realization of the assisted
chaotic inﬂation in string theory, is shown to be just semiclassi-
cally self-consistent, not really self-consistent, if the weak gravity
conjecture is correct [30]. In the present Letter, we ﬁnd that the
weak gravity conjecture leads to a tension between the theoreti-
cal and observational limits for the agegraphic dark energy model.
This inconsistency can be explained as that the agegraphic dark
energy might not be described by a consistent low-energy effective
scalar ﬁeld theory. Of course, one may argue that this assertion
looks too strong, since after all the theoretical and observational
limits both locate in around n ∼ 2–3, which can also be viewed
as that they are, to some extent, not in conﬂict. So, for the sake
of rigorous, we do not exclude other possibilities such as that the
current observational data cannot provide precise constraint on the
agegraphic dark energy model, and the future accurate data per-
haps would change the constraint result to be consistent with the
theoretical limit.
1 In Ref. [30] the author proposes the weak gravity conjecture for a multiple
scalar ﬁeld theory and ﬁnds that the variation of the canonical scalar ﬁeld is
bounded by the gravity scale ΛG = Mp/
√
N , when an unimportant coeﬃcient 2 is
ignored. In this Letter we also ignore this unimportant coeﬃcient in order to keep
the whole work consistent.4. Conclusion
To summarize, in this Letter we have investigated the theoreti-
cal limits on the parameter n of the agegraphic quintessence model
by considering that the variation of the quintessence scalar ﬁeld φ
should be less than the Planck mass Mp. The agegraphic dark en-
ergy can mimic the behavior of a quintessence scalar-ﬁeld dark
energy, so the quintessence model can be used to effectively de-
scribe the agegraphic dark energy. In this Letter, we have tested
the single-ﬁeld and multi-ﬁeld agegraphic quintessence models by
using the weak gravity conjecture. We believe that the low-energy
effective ﬁeld theory is not applicable in the trans-Planckian ﬁeld
space.
We have shown that for both single-ﬁeld and multi-ﬁeld age-
graphic quintessence models the weak gravity conjecture leads to
the same theoretical limit, n  2.5, which is inconsistent with the
current observational constraint 2.637 < n < 2.983 (95.4% CL). The
requirement that the variation of the ﬁeld should be less than the
Planck scale from weak gravity conjecture may arise from the con-
sistent theory of quantum gravity, so in this sense the theoretical
result obtained in this Letter can, to some extent, be viewed as the
prediction of quantum gravity. The tension between theoretical and
observational limits implies that the agegraphic dark energy could
not be described by a consistent low-energy effective scalar ﬁeld
theory. Of course, other possible reasons for the tension still exist,
for example, perhaps the current observational data cannot pro-
vide precise constraint on the agegraphic dark energy model, and
the future accurate data might change the constraint result to be
consistent with the theoretical limit from weak gravity conjecture.
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